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We propose a scattering matrix approach to the modeling of large-scale photonic crystal circuits and show
that the transmission properties of complex circuits can be accurately calculated on the basis of scattering
matrices of individual photonic crystal devices and waveguides that connect them. In addition, we show that
functional devices such as waveguide bends generally exhibit a discontinuous frequency dependence in the
phases associated with their complex ref lection and transmission coefficients and emphasize its importance
for the adequate modeling of photonic crystal circuits. © 2003 Optical Society of America
OCIS codes: 230.3120, 230.3990, 130.3120, 230.7370.

Over the past decade, substantial research efforts
have been directed at investigations of photonic
crystals (PCs) with embedded defects such as microcavities and waveguides. These structures hold
tremendous potential for the creation of large-scale
photonic integrated circuits, which are required for
the next generation of high-throughput optical communications systems. Indeed, recent experimental
attempts to fabricate the simplest types of PC-based
optical circuits were very promising.1
Until now, the transmission properties2 of PC-based
circuits are mostly studied using the finite-difference
time-domain method. This approach requires substantial computational resources and, as a consequence, modeling has been restricted to small-scale
circuits. Another promising approach utilizes localized functions, such as localized defect modes3,4 or
photonic Wannier functions.5 Such an approach combines accuracy with simplicity and provides intuitive
insights into the properties of small-scale PC-based
circuits.3 – 5 In particular, PC waveguides support
not only propagating guided modes but also a number of evanescent guided modes that are crucial for
understanding the properties of waveguide bends.3,4
However, even this approach is quite involved when
one is designing large-scale PC-based circuits.
In this Letter we suggest a novel approach to fast
and accurate designs of large-scale PC-based circuits.
We show that such circuits may be considered a system
of point-sized functional devices that are described by
scattering matrices (S matrices) and are connected by
PC waveguides with corresponding S matrices. The
properties of the entire circuit are then accurately described by recursive combination of the individual S
matrices of the functional devices and the waveguides
into a total S matrix. It should be noted that there
have been already suggestions to use S-matrix algorithms for modeling layered diffraction gratings6 and
small-scale integrated optics devices such as PC waveguides and air-bridge microcavities.7 However, these
algorithms are based on S matrices of tiny homogeneous slices that become computationally expensive for
large-scale circuits.
0146-9592/03/080619-03$15.00/0

To illustrate our approach, we consider PC-based
circuits that consist of linear two-port devices, where
we label any device (including waveguides) within this
circuit by an index j . Furthermore, we denote the
amplitudes of all guided modes (propagating and
evanescent) between circuit elements j 2 1 and j by
the p-component vectors uj (modes propagating from
device j 2 1 to device j ) and dj (modes propagating
from device j to device j 2 1). Then, the behavior of
device j is fully characterized by S-matrix Ŝj , which
connects the various incoming and outgoing modes
according to
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Here, the choice of T̂ and R̂ (transmission and ref lection matrices) makes explicit the physical meaning
of the four submatrices of Ŝj . Generally, S matrices
Ŝj should be calculated numerically, for instance, by
the f inite-difference time-domain method,2 by use of
grating-based S-matrix algorithms,6,7 or from effective discrete equations.3 – 5 However, for perfect
nonabsorptive PC waveguides of length L and known
dispersion relations ki 共v兲 i 苷 1, . . . , p of the guided
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In the case of absorptive, finite-height, or disordered
waveguides, their S matrices become more complex and
should be calculated explicitly.
The S matrix of the entire circuit can then be calculated recursively from the S matrices of the individual
functional elements that make up the circuit. For instance, S matrix Ŝc 苷 Ŝa ⴱ Ŝb of a device c consisting
of two subdevices, a and b, with S matrices Ŝa and Ŝb ,
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respectively, is given by6
T̂cuu 苷 T̂buu 共1 2 R̂aud R̂bdu 兲21 T̂auu ,
R̂cdu 苷 R̂adu 1 T̂add R̂bdu 共1 2 R̂aud R̂bdu 兲21 T̂auu ,
R̂cud 苷 R̂bud 1 T̂buu R̂aud 共1 2 R̂bdu R̂aud 兲21 T̂bdd ,
T̂cdd 苷 T̂add 共1 2 R̂bdu R̂aud 兲21 T̂bdd .

(3)

The generalization of this S-matrix approach to multiport PC-based circuits such as waveguide branches
and add– drop f ilters is straightforward. In addition,
if the individual devices are connected through suff iciently long waveguides, a very convenient approximation consists of neglecting the guided evanescent
modes.
As an example, we consider a two-dimensional PC
consisting of a square array (with lattice spacing a) of
infinitely long dielectric rods (with radius r 苷 0.18a
and dielectric constant e 苷 11.56) in air. For TMpolarized light propagating in the plane of periodicity,
this PC exhibits a large photonic bandgap for frequencies from va兾2pc 苷 0.303 to va兾2pc 苷 0.444. By removing a row of rods, one can create a single-mode PC
waveguide whose dispersion relation can be calculated
with the supercell method. Waveguide bends can be
constructed in a similar fashion and, by means of an
appropriate design, light transmission through a bend
can be optimized.2
In Fig. 1, we display the frequency dependence of the
complex ref lection coeff icients, R共v兲, for two different
bend geometries. In particular, the ref lection amplitude r共v兲 of the roundish bend (b) vanishes at several
resonance frequencies, and we want to emphasize that
at exactly these resonance frequencies the phase f共v兲
of the ref lection coeff icient experiences a nontrivial
discontinuity. The complex transmission coefficients,
T 共v兲, display an analogous behavior and, together with
the ref lection coefficients, R共v兲, completely determine
the bends’ S matrix if we neglect the evanescent modes
as discussed above.
We now consider a system of two bends connected
by a waveguide of length L, which is currently under
intense experimental investigation.9 Using finitedifference time-domain calculations, it has been
shown10 that the transmission through a double-bend
structure may be quite different from that through a
single bend. However, to the best of our knowledge,
no systematic investigation of this issue has been
carried out to date. Within the S-matrix approach,
the transmission properties of a double-bend structure
follow directly from its S matrix, Ŝ共v兲 苷 Ŝbend 共v兲 ⴱ
Ŝwg 共v, L兲 ⴱ Ŝbend 共v兲. In the present case we can
explicitly evaluate the transmission coeff icient in
terms of the single bend and waveguide parameters as
jT j2 苷

关1 2 r 2 共v兲兴2
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structures constructed from the bends of Figs. 1(a)
and 1(b), respectively. The results obtained from
direct numerical simulations3,4 virtually coincide with
the results of Eq. (4) when only the single bend and
the waveguide parameters are used. In fact, we find
that this agreement is practically exact for waveguide
lengths L $ 4a. Furthermore, we want to emphasize
the importance of the phase f共v兲 in the complete
characterization of a single waveguide. This is illustrated in Fig. 3, where we compare the results of
Eq. (4) using the full phase information [solid curve;

Fig. 1. (a), (b) Geometries of two different waveguide
bends, whose complex ref lection coeff icients, R共v兲 苷
r exp共if兲, are characterized by the (c) absolute value,
r共v兲, and (d) phase, f共v兲, and have been calculated with
effective discrete equations.3 In (c) and (d), the solid lines
correspond to the bend in (a) and the dashed curves, to
the bend in (b).

(4)

which coincides with the expression for transmission
through a Fabry –Perot resonator with identical
mirrors. In Figs. 2 and 3, we show the frequency dependence of the transmission T through double-bend

Fig. 2. (a) Double-bend system with bends of the type
shown in Fig. 1(a) connected by a waveguide of length
L 苷 10a and (b) frequency dependence of the corresponding
transmission T (solid curve). For reference, the transmission through a single bend is shown (dashed curve).
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Fig. 3. (a) Double-bend system with bends of the type
shown in Fig. 1(b) connected by a waveguide of length
L 苷 20a and (b) frequency dependence of the corresponding transmission T (solid curve). For reference, the
transmission through a single bend is shown (dashed
curve). The importance of the phase f共v兲 [see Fig. 1(d)]
is illustrated by evaluation of Eq. (4) for f共v兲 苷 0 (dotted
curve; values for T have been shifted downward by 0.25).
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between the bends reduces substantially, and excellent
agreement between numerical simulations and Eq. (4)
is restored.
In conclusion, we have introduced an S-matrix
approach to the optical properties of large-scale PC
circuits. In this approach, individual functional elements such as bends and waveguides are characterized
by an S-matrix, which allows efficient computation of
the S matrix of the entire circuit from the knowledge of
its constituent elements, not all of which have to be PC
based. We have applied this approach to double-bend
waveguiding structures and obtained excellent agreement with direct numerical simulations. Furthermore, we have discussed the importance of the phase
of the ref lection and transmission coefficients of the
constituent functional elements and the conditions for
neglecting guided evanescent modes. The results of
our analysis are of direct relevance to the design of
PC-based circuits as well as to the interpretation
of experimental data. For instance, an analysis of
the Fabry– Perot oscillations in the transmission of
a waveguide sandwiched between two bends may
allow the experimental determination of its dispersion relation (or lattice constant) through Eq. (4).
Furthermore, the discrepancy between experimental
results and Eq. (4) allows us to estimate the level of
absorption and fabricational disorder within the PC
waveguide.
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Fig. 4. Frequency dependence of the transmission T for
double-bend structures similar to Fig. 2(a) with connecting
waveguides of lengths (a) L 苷 a and (b) L 苷 3a. Results
of direct numerical simulations (solid curves) and results
of Eq. (4) (dashed curve) are shown.

see also Fig. 1(d)] with the results for a constant phase
f共v兲 苷 0. The inadequacy of disregarding the phase
information is apparent.
To demonstrate the effect of neglecting guided
evanescent modes, we compare in Fig. 4 the frequency
dependence of transmission T from numerical simulations (solid curves) with the results of Eq. (4)
(dashed curves) for the double-bend structure of Fig. 2
with reduced waveguide lengths, L 苷 a and L 苷 3a,
respectively. When the bend separation is increased
from L 苷 a to L 苷 3a, the evanescent mode coupling
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