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Abstract
A one-dimensional discrete nonlinear Schrödinger (DNLS) model with the power dependence, r −s on the distance r, of
dispersive interactions is proposed. The stationary states of the system are studied both analytically and numerically. Two
kinds of trial functions, exp-like and sech-like are exploited and the results of both approaches are compared. Both on-site and
inter-site stationary states are investigated. It is shown that for s sufficiently large all features of the model are qualitatively
the same as in the DNLS model with nearest-neighbor interaction. For s less than some critical value, scr , there is an interval
of bistability where two stable stationary states exist at each excitation number. The bistability of on-site solitons may occur
for dipole–dipole dispersive interaction (s = 3), while scr for inter-site solitons is close to 2.1.
In the framework of the DNLS equation with nearest-neighbor coupling we discuss the stability of highly localized,
“breather-like”, excitations under the influence of thermal fluctuations. Numerical analysis shows that the lifetime of the
breather is always finite and in a large parameter region inversely proportional to the noise variance for fixed damping and
nonlinearity. We also find that the decay rate of the breather decreases with increasing nonlinearity and with increasing
damping. Copyright © 1998 Elsevier Science B.V.
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1. Introduction
This paper describes research on the localized solutions of the discrete nonlinear Schrödinger (DNLS) equation.
Two quite different topics of this field will be addressed: Sections 2–4 are devoted to the investigation of nonlocal
dispersive effects, while Section 5 describes the effect of noise.
Determination of the dynamical properties of physical systems with competition between discreteness, nonlinearity and dispersion has recently attracted a growing interest due to the wide applicability of such systems in
various physical problems. Examples are coupled optical fibers, arrays of coupled Josephson junctions, nonlinear
charge and excitation transport in biological macromolecules, elastic energy transfer in anharmonic chains, and
charge transport in hydrogen-bonded systems. As is well known, the balance between nonlinearity and dispersion
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in a weak nonlinearity (large dispersion) limit provides the existence of low-energy soliton-like excitations. Due
to their robust character the solitonic excitations are important in the coherent excitation transport in biological
macromolecules [1,2] and charge transport in organic semiconductors [3].
As a result of the interplay between discreteness, dispersion and nonlinear interactions intrinsically localized
oscillatory states may appear and properties of the localized modes have been intensively studied during the past
years [4,5]. For monoatomic lattices with a nearest-neighbor harmonic and quartic anharmonic interaction the
localized states were found [5] to have nonlinear frequencies lying above the phonon band. In the case of onedimensional nonlinear Schrödinger (NLS) lattice [6], a localized mode lying below the linear excitation band in the
small amplitude limit reduces to the one-soliton solution of the continuum NLS equation.
In the main body of the previous research the dispersive interaction was assumed to be short ranged and therefore
a nearest-neighbor approximation was used. However, there exist physical situations that definitely cannot be
described appropriately in the framework of this approximation. Excitation transfer in molecular crystals [7] and
vibron energy transport in biopolymers [2] are due to transition dipole–dipole interaction with 1/r 3 dependence on
the distance, r. The DNA molecule contains charged groups, with long-range Coulomb interaction (1/r) between
them. In systems where the dispersion curves of two elementary excitations are close or intersect, effective longrange transfer occurs. Such a situation arises for excitons and photons in semiconductors and molecular crystals
(so-called polariton effects [7]).
Nonlinear waves in a one-dimensional chain with Lennard-Jones (2n, n) interatomic potential were studied by
Ishimori [8] who showed that the dynamics is governed by the Benjamin–Ono equation in the case n = 2 or by the
Korteweg–de Vries equation for n ≥ 4. Solitons in implicit form were obtained [9] in a sine-Gordon system with
long-range interaction (LRI) of the Kac–Baker type [10] and the dependence of the soliton width and energy on
the radius of the LRI was analyzed. A sine-Gordon equation with a nonlocal character of the nonlinear term was
postulated in [11] and novel soliton states, of topological charge zero, were found to exist at large interaction radius.
The effects of long-range harmonic interaction in a chain with short-range anharmonicity was considered in [12],
and it was demonstrated that the existence of two velocity dependent competing length scales leads to two types
of solitons with characteristically different width and shapes for two velocity regions separated by a gap. Effects
of LRI of the Kac–Baker type were studied in static and dynamic nonlinear Klein–Gordon models [13]. Finally, a
nonlocal NLS equation was proposed [14] to model systems with long-range dispersion effects. In contrast to the
usual NLS equation stationary solutions only exist for a finite interval of the excitation number. In the upper part
of this interval two different kinds of stationary solutions were found. The new kind which includes a cusp soliton
was shown to be unstable. It was also pointed out that moving solitons radiate with a wavelength proportional to
the velocity.
This paper exposes investigation of two types of soliton states in the discrete NLS model: on-site and inter-site
states, and studies the motion of solitons and Peierls–Nabarro pinning. In Section 2 we present the analytical theory
and the results of numerical simulations of stationary states of the discrete NLS model with a long-range dispersive
interaction. We discuss the bistability phenomenon for the two types (on-site and inter-site) of soliton solutions. The
analytical part of this section is based on a variational approach exploiting an exp-like function as a trial function.
Then, in Section 3, we investigate the same problem with a sech-like trial function and compare the results of the
two approaches. Section 4 is devoted to the investigation of the soliton motion in the discrete NLS model with a
nonlocal dispersion. Equations describing the soliton center of mass motion are obtained and the properties coupled
with a long-range character of the dispersion are discussed.
Finally, we describe in Section 5 the effects of noise on the localized excitations in the discrete NLS equation
where only nearest-neighbor interaction is considered. The investigation is motivated by the need to understand
the temperature effects in molecular systems, and a frequently used method to take into account effects of finite
temperature in models describing a quantum quasiparticle (electron or exciton) interacting with lattice vibrations
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is to add white noise and damping to the lattice equations [15], thereby turning these into Langevin equations. As
was shown in [15], the coupled exciton–phonon equations can under certain approximations be reduced to a single
DNLS equation describing the exciton dynamics, where the effects of thermal fluctuations of the phonons appear as
a multiplicative noise term. The spectrum of the noise will then in general be colored, but assuming short correlation
times it can be treated as white noise in a first approximation. In order to take proper account of the damping of
the phonon system, it is necessary (at least when the white noise approximation is made) to additionally include a
nonlinear damping term in the exciton equation [15]. With this inclusion, it was shown that energy balance may be
established in the exciton system. On this background we consider in Section 5 the one-dimensional DNLS with
multiplicative noise and nonlinear damping included, and investigate how these terms affect the discrete breathers.

2. Equations of motion
The model we study is described by the Hamiltonian
H =T +U =

1
2

X
n,m(n6=m)

Jn−m |ψm − ψn |2 −

1X
|ψn |4 ,
2 n

(1)

where T and U are the dispersive and the potential energy of the excitation, respectively. In Eq. (1) n and m are
site indices and ψn is the excitation wave function. We investigate the model with the following power dependence
on the distance of the matrix element of quasiparticle transfer Jn−m = J /|n − m|s . The constant J characterizes
the strength of the transfer and s is a parameter, being introduced to cover the different physical situations ranging
from the nearest-neighbor approximation (s = ∞), dipole–dipole interaction (s = 3), to the long-range Coulomb
interaction s = 1. In this paper, however, we shall restrict ourselves to s > 1. This “tunable” property of the
equation illuminates both the competition between nonlinearity and dispersion and the interplay of LRI and lattice
discreteness. From the Hamiltonian (1) we obtain the equation of motion iψ˙n = ∂H /∂ψn∗ for the excitation wave
function in the form
X
iψ˙n +
Jn−m (ψm − ψn ) + |ψn |2 ψn = 0,
(2)
m(m6=n)

where the overdot denotes the time derivative. The Hamiltonian H and the number of excitations
X
|ψn |2
N=

(3)

n

are both conserved quantities. Stationary solutions of Eq. (2) in the form ψn = φn exp(iΛt) with a nonlinear
frequency Λ and a real valued profile φn are determined by
X
Λφn = J
|n − m|−s (φm − φn ) + φn3 .
(4)
m(m6=n)

Eq. (4) is the Euler–Lagrange equation for the problem of minimizing H under the constraint N = constant. To
obtain an approximate solution of the problem we use an ansatz for a localized state in the form
s
N sinh α
exp(−α|n − δ|),
(5)
φn =
cosh(α(2δ − 1))
where α is a trial parameter and δ is the position of the center of the localized state which without loss of generality can
be restricted to 0 ≤ δ < 1 for the infinite chain. The ansatz (5) is chosen to automatically satisfy the normalization
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P
condition n φn2 = N. Performing some rather lengthy manipulations which are given in detail in [16] we can
minimize the energy of the state (5) and thereby implicitly find the dependence N on Λ for the stationary state.
Applying this result we shall study in detail the stationary states of the system, considering the following two types
of stationary states: on-site (δ = 0) and inter-site (δ = 21 ) separately. The numerical procedure used to solve the
nonlinear eigenvalue problem (Eq. (4)) is similar to the method used in [17].
2.1. On-site localized states: δ = 0.
Figs. 1 and 2 show the analytical as well as the direct numerical obtained dependence N (Λ). A monotonic
function is obtained for s > scr , but for scr > s > 2 the dependence becomes nonmonotonic (of N -type) with a
local maximum and a local minimum. These extrema coalesce at s = scr ' 2.72 (from the analytical approach)
and s = scr ' 3.03 (from the numerical solution of Eq. (4)). For s < 2 the local maximum disappears. Thus the
main features of all DNLS models with a power low dispersive interaction Jn−m decreasing faster than |n − m|−scr
coincide qualitatively with the features obtained in the nearest-neighbor approximation where only one on-site
stationary state exists for any excitation number. However, in the case of the long-range nonlocal NLS equation
(2) with 2 < s < scr there exist for each N in the interval [Nl (s), Nu (s)] three stationary states with nonlinear
frequencies Λ1 (N) < Λ2 (N) < Λ3 (N). In particular, this means that in the case of dipole–dipole interaction
(s = 3) multiple solutions exist.

Fig. 1. Number of excitations, N , versus nonlinear frequency, Λ. Comparison between analytical dependence for s = 2.1 (long-dashed),
2.5 (short-dashed), and numerical dependence from Eq. (4) for s = 2.1 (dotted–dashed), and 2.5 (full).
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Fig. 2. Number of excitations, N, versus nonlinear frequency, Λ, numerically from Eq. (4) for s = ∞ (full), 4 (dotted), 3 (short-dashed),
2.5 (long-dashed), 2 (short–long-dashed), and 1.9 (dashed–dotted).

To investigate the stability properties of the different stationary states, we use the approach developed in [18]
and find that the positive definiteness of the dispersion term T given by Eq. (1) and the form of the nonlinear term
U permit generalization of the Laedke–Spatschek–Turitsyn theorem [18] to this nonlocal case. According to this
theorem the necessary and sufficient stability criterion for on-site stationary states is
dN
d X 2
φ > 0.
=
dΛ
dΛ n n

(6)

Therefore, we can conclude that in the interval [Nl (s), Nu (s)] there are only two linearly stable stationary states
(Λ1 (N ) and Λ3 (N)). The third state is unstable since dN /dΛ < 0 at Λ = Λ2 .
Fig. 3 shows that the three solutions differ significantly. The low frequency states are wide and continuum-like,
while the high frequency solutions represent intrinsically localized states with a width of a few lattice spacings. For
s*2 the inverse widths of the stable stationary states are, respectively,
 1/(s−2)  ln l/(1−2 ln l)
 
N
N
N
,
(7)
=
,
α3 ≈ ln
α1 ≈
8J
8J
J
where l = exp(1/s) is the characteristic range of the dispersive interaction which is defined as a distance at which
the interaction decreases by a factor 2. It follows from these expressions that the existence of two so different soliton
states for one value of the excitation number, N, is due to the presence of two different length scales in the system:
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Fig. 3. Shapes of the three stationary states for s = 2.5 and N = 3.1. The stable: Λ = 0.21 (long-dashed), and Λ = 0.74 (full). The
unstable: Λ = 0.57 (short-dashed).

the usual scale of the NLS model which is related to the competition between nonlinearity and dispersion (expressed
in terms of the ratio N/J ) and the range of the dispersive interaction l.
In the framework of the formalism developed in [16] the following approximate expressions can be obtained in
the limit of large soliton width (small α)
8ζ (s − 2)
1
α, He = − Ne2 α
for s > 3,
ζ (s)
8
8π(s − 1)(s − 2) (s−2)
(s − 2) 2
, He = −
α
N α
Ne =
ζ (s)Γ (s) sin(πs)
4(s − 1) e
Ne =

(8)
for s < 3,

(9)

ζ (s) denotes the Riemann zeta function and the subscript e on H and N signifies that an exponential trial function
was used. The particular value s = 2 separates two different kinds of behavior: for s > 2, Ne → 0 while for
1 < s < 2, Ne → ∞ as α → 0 and the stable continuum-like soliton disappears. This is confirmed by our
simulation (see Fig. 2), which also indicates that the low frequency solitons in this case (s < 2) have algebraic
tails, i.e., for s = 1.9, log φn ' 6.3 − 2 log n when n  1.
At the points (Λ(Nl ) and Λ(Nu )) the stability condition is violated, since (∂N /∂Λ)s vanishes. Constructing the
locus of the end points we obtain the curve which is presented in Fig. 4. This curve bounds the region of bistability.
It is analogous to the critical curve in the van der Waals’ theory of liquid–vapour phase transition [19]. Thus in the
present case we have a similar phase transition like behavior where the two phases are the continuum states and the
intrinsically localized states, respectively. The analog of temperature is the parameter s.
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Fig. 4. End points of the bistability interval for N versus dispersion parameter s. For s = scr the end points coalesce. Analytical dependence
(full), scr ' 2.72. Numerical dependence (dashed), scr ' 3.03.

2.2. Inter-site localized states: δ =

1
2

In Fig. 5 we plot the excitation number, N , as a function of nonlinear frequency Λ for inter-site localized states
obtained from numerical solution of Eq. (4). The analytical results for δ = 21 are in qualitative agreement with
numerical results but the quantitative agreement is not as good as in the on-site soliton case. The dependence
displayed in Fig. 5 is similar to the dependence N (Λ) obtained for on-site localized states (see Figs. 1 and 2) but
with the following distinctions:
(i) While the N(Λ)-curves for on-site states tend to be independent of the dispersion parameters s at large Λ the
similar curves for the inter-site states only become parallel as Λ → ∞. The reason for this difference can be
understood from the definition of the nonlinear frequency (see [16]) which yields
N = 2Λ + 4 −

2
ζ (s)

(Λ → ∞),

for δ =

1
2

(10)

and
N =Λ+2

(Λ → ∞)

for δ = 0.

(11)

0 ' 2.1 is much lower than the value obtained for on-site
(ii) The critical value of the dispersion parameter scr
localized states.
0 , is very narrow. Thus, inter-site localized
(iii) The interval of s where the three inter-site states can exist, 2 < s < scr
states are much less sensitive to the long-range character of the dispersion than the on-site states.
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Fig. 5. Number of excitations, N, versus nonlinear frequency, Λ, numerically from Eq. (4) for s = ∞ (full), 4 (dotted), 3 (short-dashed),
2.5 (long-dashed), 2 (short–long-dashed), and 1.9 (dashed–dotted).

Three stationary inter-site states obtained for s = 2.1 and N = 3.95 are shown in Fig. 6. It is seen that similar to
the case of on-site states the low frequency state is continuum-like while the high frequency solutions have a width
of only a few lattice spacings.
For the parity-conserving (even) perturbations the stability condition of inter-site stationary states is the same as
(6) but these excitations are unstable with respect to parity-nonconserving perturbations [18]. A typical evolution of
these excitations is presented in Fig. 7. It is seen that choosing as an initial condition the inter-site state it transforms
into an intrinsically localized on-site state with a time-dependent width.

3. Sech-like trial function approach
The ansatz
φn = A sech(α(n − δ))

(12)

is known [20] to be a good representation of a localized state for small nonlinear frequencies Λ and small excitation numbers N in the discrete self-trapping model with nearest-neighbor excitation transfer (s → ∞ in Eq. (4)).
Therefore, the natural question arises whether the ansatz (12) is still good in the case of a long-range dispersive interaction. Clarifying this question we repeat the calculations from Section 2, using the trial function (12). Techniques
developed in [21] permit us to obtain the kinetic energy of the excitations as
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Fig. 6. Shapes of the three stationary states for s = 2.1 and N = 3.95. Λ = 0.1 (long-dashed), Λ = 0.44 (full), and Λ = 0.24
(short-dashed).

Fig. 7. (a) Evolution of an inter-site state s = 2.57, N = 4.53. (b) The inter-site state used as initial condition and the resulting on-site
state at t = 40, where N = 3.99.
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T (δ) = 2 J N − A2
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Jm sech(α(n − m − δ))sech(α(n − δ))

n,m=−∞

= 2 J N − 4 A2

I (α, s)
,
ζ (s)

(13)

with
I (α, s) =

∞
X
m=1

m1−s
sinh(αm)
∞

=

(22r − 2)
α s−2 ζ (s − 1)(1 − 22−s ) X
|B2r |α 2r−1 ,
(−1)r ζ (s − 2r)
+
s−2
(2r)!
π
cos(πs/2)

(14)

r=0

where B2r are the Bernoulli numbers. In the same way the potential energy, U , of the localized state given by
Eq. (12) is
∞
X
1
U (δ) = − A4
sech4 (α(n − δ))
2 n=−∞

=−
+

4A4 K 0
3π 2



E 0 − ℵ2 K 0 sn2 (2δK)


2 2 03
2
2
2 4
ℵ
K
[
1
−
2(1
+
ℵ
)
sn
(2δK)
+
3ℵ
sn
(2δK)]
.
π2

(15)

Here the amplitude and the inverse width of the wave function are defined by the expression
A2 =

π 2N
( E 0 − ℵ2 K 0 sn2 (2δK) )−1 ,
4K 0

α=π

K
.
K0

(16)

In Eqs. (13)–(16) K = K(ℵ) (E = E(ℵ)) is the complete elliptic integral of the first (second) kind, ℵ is the modulus
of the elliptic integrals, and K 0 = K(ℵ0 ), E 0 = E(ℵ0 ), where ℵ0 = (1 − ℵ2 )1/2 is the modulus complementary to
ℵ. sn(x) is a Jacobi elliptic function (for notation regarding elliptic functions and integrals see [22]).
For on-site localized states (δ = 0) we obtain from the equation d(T + U )/dα = 0 that the dependence of the
excitation number, N, on the width of sech-like localized state is determined by Eq. (16) together with
N = 12

(E 02 − ℵ2 K 02 ) I (α, s) + (π 2 E 0 /2K 0 )∂I (α, s)/∂α)
.
ℵ2 K 02 − E 02 + (4K 02 /π 2 )(ℵ2 K 0 − E 0 )(K 0 − E 0 )

(17)

In the large soliton width (small α) limit we get from Eqs. (13)–(17) the energy and the excitation number of the
system as
Ns =

4ζ (s − 2)
α,
ζ (s)

Ns =

6(s − 1)ζ (s − 1)(22−s ) s−2
α ,
π s−2 ζ (s) cos(πs/2)

1
Hs = − Ns2 α
8

for s > 3,

(18)

and
Hs = −

1 s − 2 1/(2−s) 2
Ns α
2
6s−1

for s < 3,

(19)

where the subscribed s on H and N signifies that a sech trial function was used. Comparing Eqs. (8) and (9) with
Eqs. (18) and (19), respectively, we see that the continuum-like sech-like state is energetically more favorable than
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Fig. 8. The energy, H , versus N for the on-site stationary states at s = 2.5 in different scales is shown in (a) and (b). Numerical solution
(full), exp-like trial function (long-dashed) and sech-like trial function (short-dashed).

the corresponding exp-like state for all values of the dispersion parameter s. Fig. 8 shows the energy H of the
system as a function of excitation number, N, obtained analytically and numerically for s = 2.5. The existence of
a bistability region manifests itself as a swallow tail structure in the dependence H (N ). It is seen that for excitation
numbers, N , in the interval of bistability and for the values which correspond to the states of the second branch
(intrinsically localized states N > 3), the He -curve agrees better than Hs -curve with the results of numerical
simulations. This means that in this interval of the excitation number, N, the ground state is exp-like rather than
sech-like.

4. Center of mass motion
In this section we shall discuss the motion of self-interacting excitations in the discrete chain with a long-range
excitation transfer. In the nearest-neighbor approximation the problem was investigated in [23] using inversescattering transform techniques and an adiabatic approximation, and in [24] using a collective coordinate approach.
We shall use the latter approach and postulate that the soliton wave function has the form
ψn (β, x) = A(x) sech(α (n − x(t))eiβ(t)n ,

(20)

where x(t) and β(t) are the collective coordinates which approximately can be identified as the center of mass and
the momentum of excitation, respectively. The width of the soliton (α −1 ) is assumed to be time-independent and is
determined by Eq. (17) while the amplitude A(x) is given by Eq. (16). For α > 1 the stationary state is so narrow
that it is almost completely pinned by the lattice; therefore we limit our interest to the motion of the continuum-like
excitations (α ≤ 1). As it was shown above the sech-like trial function is more appropriate than the exp-like trial
function in this case. The Lagrangian of the system can be written as
L=

i X ˙ ∗
∗
(ψn ψn − ψ˙n ψn ) − H,
2 n

(21)
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where the Hamiltonian, H , is given by Eq. (1). Inserting Eq. (20) into Eq. (21) and using the following identity
which holds for arbitrary x:
!
+∞
X
i X ˙ ∗
∗
2
2
(ψn ψn − ψ˙n ψn ) = −β̇ x + A (x)
(n − x) sech (α (n − x)) = −β̇(x + X(x)),
(22)
2 n
−∞
where
X(x) = −A(x)2

∂
∂α




2K
zn(2xK, ℵ) ,
α

zn(u, ℵ) =

∞
π X sin(π nu/K)
,
K
sinh(π nK 0 /K)

(23)

n=1

we obtain an effective Lagrangian of the system
L = −N(x + X(x)) β̇ − T (β, x) − U (x),
where
T (β, x) = 2NJ −

X
n,m

(24)

Jn−m ψn∗ (β, x) ψm (β, x)

= 2NJ − 4A2 (x)

∞
1 X m1−s cos(βm)
,
ζ (s)
sinh(αm)

(25)

m=1

and U (x) is given by Eq. (15). In Eq. (23) zn denote the Jacobian zeta function. The Euler–Lagrange equations
for β and x yield




∂
dX
∂
dX
β̇ = − (T (β, x) + U (x)), N 1 +
ẋ =
T (β, x).
(26)
N 1+
dx
∂x
dx
∂β
For α ≤ 1 we can, expanding the functions U (x) and A2 (x) with respect to the small quantity exp(−π 2 /α),
obtain from Eq. (26)
ẋ =

∞
2α X m2−s sin(βm)
,
ζ (s)
sinh(αm)

β̇ = −

m=1

where

∂
U(x),
∂x


8 π2
2 π4
2
N−
I (α, s) e−π /α cos(2π x).
U(x) = −
ζ (s)
3 α2

(27)



(28)

The equations for the collective coordinates β and x in the form (27) and (28) were obtained using that: (i) the
P
function X(x), which characterizes the difference between the true center of mass of the soliton n n|ψn |2 and
the collective coordinate x(t), is exponentially small and can be neglected within a chosen accuracy; and (ii) that
the dependence dX/dx in the l.h.s and the x dependence in the r.h.s of Eq. (26) can be omitted.
It is evident that the set of Eqs. (27) and (28) constitutes a Hamiltonian system, with the Hamiltonian
H = T (β) + U(x),

(29)

where
T (β) = −

∞
2α X m1−s cos(βm)
.
ζ (s)
sinh(mα)

(30)

m=1

Hence the motion of the soliton can be viewed as a point particle described by the general coordinates β and x in an
effective periodic Peierls–Nabarro potential U(x). The stationary point x = 0 and β = 0 is stable when the inverse
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width, α, of the soliton is defined by Eqs. (18) and (19). In the nearest-neighbor approximation (s → ∞) only the
term with m = 1 survives in Eq. (30) and the kinetic energy becomes T (β) = −(2α/sinh(α)) cos(β) in agreement
with [23], [24]. For finite s and particularly for s ≤ 3 the situation becomes more complicated. Indeed considering
the case of small β we can expand the kinetic energy given by Eq. (30) and write
T =

β2
.
2M

(31)

Here the effective mass M has the form M = ζ (s)[2 αI (α, s − 2)]−1 and the function I (α, s) is defined by Eq. (14).
It is seen from Eq. (14) that in contrast to the nearest-neighbor approximation where the mass M in the small velocity
limit (β  1) does not depend on the width of the soliton (on the excitation number, N), the long-range character
of the excitation transfer for s ≤ 3 facilitates the motion of solitons with large widths by decreasing the effective
mass.

5. Noise effects
The form of the DNLS equation considered here is the following:
iψ̇n + J (ψn+1 + ψn−1 ) + γ |ψn |2 ψn − ηψn

d
(|ψn |2 ) + hn (t)ψn = 0,
dt

(32)

where the last two terms describe nonlinear damping and multiplicative Gaussian white noise, respectively. The
noise is assumed to have zero mean and variance 2D, i.e.,
hhn (t)i = 0, hhn (t)h0n (t 0 )i = 2Dδ(t − t 0 )δnn0 .

(33)

Eq. (32) can be derived from the equation of motion for a quantum quasiparticle (e.g. electron or exciton) treated
in the nearest-neighbor tight-binding approximation and interacting with a classically treated optical phonon field
in contact with a heat bath, i.e. (in units of h̄ = 1)
iψ̇n + J (ψn+1 + ψn−1 ) + χun ψn = 0,

(34)

M ün + Mλu̇n + Mω02 un

(35)

− χ|ψn | = σn (t).
2

Here ψn is the amplitude of the quasiparticle wave function at site n and un represents the elastic degree of freedom
at site n. Furthermore, J is the nearest-neighbor hopping constant, χ the coupling constant between the quasiparticle
and the phonons, M the molecular mass, λ a damping coefficient, ω0 is the Einstein frequency of each oscillator, and
σn (t) is a stochastic force acting on the phonon system. Eq. (35) is the Langevin equation for the phonon-system, so
the variance of the stochastic force is related to the external temperature T and the damping coefficient λ according
to the fluctuation–dissipation theorem. The DNLS can be derived from Eqs. (34) and (35) if the quasiparticle field
is assumed to vary slowly in time compared with the lattice vibrations [15]. This results in the following relation
between the parameters of Eqs. (32)–(35):
γ =

χ2
,
Mω02

η=γ

λ
,
ω02

D = ηkB T ,

(36)

where kB is the Boltzmann constant.
The DNLS equation has as its only conserved quantity the excitation number, Eq. (3), while the Hamiltonian d
X
 γ X
∗
+ ψn∗ ψn+1 −
|ψn |4 ,
(37)
ψn ψn+1
HDNLS = −J
2
n
n
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will evolve according to
X
dHDNLS
= −η
dt
n



2

d
(|ψn |2 )
dt

+

X
n

hn (t)


d 
|ψn |2
dt

(38)

indicating that the damping and noise terms in average provide dissipation and energy input, respectively.
We integrate Eq. (32) numerically using a single-site initial condition,
ψn (0) = δn,n0 ,

(39)

varying the parameters γ , η and D for the fixed values N = 1 and J = 1, and using a lattice large enough to simulate
an infinite chain. For this choice of initial condition the DNLS exhibits a self-trapping transition at γ = γc ' 3.5
when η = D = 0; when γ > γc a finite part of the excitation will remain trapped around the initial site during the
time-evolution [25]. As γ is increased beyond γc , the total excitation number of the part trapped around the initial
site increases, and the width of the excitation decreases. In the calculations reported here, we consider nonlinearities
γ ≥ 5, for which the trapped excitation has a highly discrete, breather-like nature.
An illustration of how the presence of noise in Eq. (32) affects the DNLS breathers is given in Figs. 9 and
10. We see that after a short initial interval, where the breather is created and the initial-site probability |ψn0 |2
rapidly drops to a value close to its stationary value in the absence of noise, the noise will cause a slow, almost
linear, decrease of the breather-intensity with time. This linear decay continues until the value of |ψn0 |2 has been
reduced to approximately half its initial value, at which point the initial-site probability rapidly drops to values
close to zero, signifying that the breather is destroyed. After this point the system behaves diffusively, similar to the
corresponding linear system (η = γ = 0), with the initial-site probability decaying in average as t −1/2 . Thus, we
find that the lifetime of the breather is always finite, but increases when (a) the nonlinearity γ is increased, (b) the
nonlinear damping η is increased, or (c) the noise variance D is decreased (see Fig. 10). The quantitative influence
of the parameters γ , η and D on the lifetime has been investigated by performing numerical calculations for several
different realizations of the noise, and determining the decay rate, κ, as the mean-value of − d(|ψn0 |2 )/ dt in the
time-interval of almost linear decay. Some of these results are displayed in Fig. 11. Fig. 11(a) indicates that the
decay rate is proportional to the variance of the noise over a large parameter region. We found this proportionality
to be valid as long as the noise is so weak that the creation of the breather is unaffected (if the noise is too strong,
no breather-like state will be created, and the diffusive spreading starts immediately). As is shown in Fig. 11(b), the

Fig. 9. Evolution of an initially single sited localized excitation. Parameter values are γ = 10, η = 2, and D = 0.05.
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Fig. 10. Typical evolution of the initial-site probability for different values of γ , η, and D. In (a) we have η = 0, D = 0.05, and from
bottom to top γ = 5, 10, 15, and 20; in (b) γ = 5, D = 0.05 and from bottom to top η = 0, 1, 5, and 10; in (c) γ = 5, η = 1.0, and
D = 0.005, 0.025, and 0.05 from top to bottom. The particular realization of the noise is the same in all cases.

decay rate is for fixed D and η approximately proportional to γ −2 in the studied parameter range, while the data in
Fig. 11(c) showing the variation of κ with η do not seem to follow any simple scaling law.
In order to gain some analytical understanding of the effects imposed on the DNLS breathers by the presence of
noise and nonlinear damping, we use a method of collective coordinates similar to the approach used in Section 4.
This approach necessitates a rather elaborated analysis where a Fokker–Planck equation describing the average
dynamics of the system is derived. From this Fokker–Planck equation it is possible (all details can be found in [26])
to find the following approximative expression for the evolution of the probability at the initial site,
h|ψn0 |2 i ' 1 −

2J 2
6DJ 2
−
t
γ2
γ2

(40)

for t  γ /6ηJ 2 . This result shows that the collective coordinate approach explains qualitatively the initial linear
decay of the breather observed in the numerical simulations. The coefficient 6DJ 2 /γ 2 exhibits the same dependence
of D/γ 2 as was observed numerically. Additionally we find that the prefactor 6J 2 is of the same order of magnitude
as what was found numerically. However, due to the approximate character of the analytical approach, the ηdependence predicted by Eq. (40) differs from the numerical results.
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Fig. 11. Quantitative dependence of the decay rate, κ, of the breather as a function of (a) noise strength D, (b) nonlinearity parameter γ ,
and (c) nonlinear damping parameter η. In (a) η = 0.1 for both curves and in (c) D = 0.05 for both curves; other parameter values are
as indicated in the figures.

6. Conclusion
In summary, a nonlocal discrete NLS equation has been proposed as a model for self-interacting excitations with
power dependence r −s on the distance r of the dispersive interactions. We have shown that the behavior of all NLS
models with dispersion interaction decreasing faster than r −scr is qualitatively the same as the NLS model with a
nearest-neighbor excitation transfer. In contrast to this there is an excitation number interval of bistability in the NLS
models with a long-range dispersive interaction s < scr . In the interval 2 < s < scr two stable stationary states exist
at each excitation number N. One of these states is a continuum-like soliton while the other one is an intrinsically
localized mode. The existence of the bistability phenomenon in the NLS models with a nonlocal dispersion is a
result of the competition of two length scales which exist in the system: the scale related to the competition between
nonlinearity and dispersion, and the scale related to the dispersion interaction. Two types of stationary states have
been considered: on-site and inter-site states. We found that the critical value of the dispersion parameter scr for
the inter-site state is slightly above 2 while for the on-site stationary state it exceeds 3. This means that the bistable
behavior may occur in the case of self-interacting excitations with the dipole–dipole excitation transfer.
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We have shown that the motion of solitons in discrete NLS models with a long-range interaction can be viewed
as the motion of a point particle in an effective periodic Peierls–Nabarro potential. In contrast to systems with
nearest-neighbor interaction the mass of the particle depends on the excitation number and becomes smaller when
the width of the soliton increases.
Finally, we have found that introducing multiplicative white noise and nonlinear damping into the discrete NLS
equation with nearest-neighbor coupling will cause decay of the self-trapped discrete breathers which are created
for large nonlinearities. A numerical analysis showed that the intensity at the central breather-site would initially
decrease approximately linearly with time. The decay rate was found to decrease with increasing nonlinearity γ
and with increasing damping η, and to increase with increasing noise variance D.
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